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603. 


ON THE POTENTIAL OF THE ELLIPSE AND THE CIRCLE. 


[From the Proceedings of the London Mathematical Society, vol. vi. (1874—1875), 
pp. 38—58. Read January 14, 1875.] 


The Potential of the Ellipse. 


1. I CONSIDER the potential of an ellipse (or say an elliptic plate of uniform 
density); viz. this is 
y- Í dx dy 


Nfa — zy 4- (b — yy c 
ENE 5a gt of 
the limits being given by the equation P + a 1. 
Writing herein æ — mf'cos u, y — mg sin u, we have dady=fg mdmdu; and consequently 
dm du 
V = |m ? 
fo ^ (a — mf cos u} + (b — mg sin u - c 


where the integrations are to be taken from m=0 to m=1, and from w=0 to w= 2r. 


2. It is to be remarked that, by first performing the integration in regard to m, 
we may reduce the potential to the form | du.F, where F is an algebraic function of 


cosu, sinw; and that the result so obtained, although in the general case too complex 
to be manageable, is a useful one in the case f=g, where the ellipse becomes a 
circle. The case of the circle will be treated of separately, but in the general case 
it will be sufficient to show that the integral is of the form in question. 

C. IX. 96 
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3. To accomplish this, writing 
A-aG TUO, 
B = af cos u + bg sin u, 
C =f? cos?u+ g’ sin? u, 
then the integral in regard to m is 
|| ^m dm 
VA — 2Bm + Cm?’ 


which is 


= oA = 8Bn Uni. log {Om — B+ NOVA —2Bm+ Onè}. 


Taken between the limits 0 and 1, this is 


SEALER ES 2 B C— B--NOWA —2B 4 
= GVA —2B+ 0-44) — 7, log i 1r eam 


> 


and we have therefore 


l,/4—sen-.7 —- (af cos u + bg sin u) 
V= fy [dug (A =2B+ 0- VA) + fg | du LENEAN, log T, 
Ja | ugl " tg MZ cos? u + g? sin? u)? T 


where, for greater clearness, the value of the coefficient of the logarithmic term 


B 
ovo 
has been written at full length. 

4. But this coefficient admits of algebraic integration, viz. we have 


afcosu+bgsnu ^ agsinu—bfcosu , 
(ficos u-J-g?sin?u)! (f? cos? u +g? sin? wu) 


fy | à« 


hence, integrating the second term by parts, we have 
V=fy [duc WA—2B+0-WA} 


ag sin u — bf cosu | T 
(f? cos? u + g? sin? u) 


-fa ag sinu —bfcosu YT 
(f? cos? u 4- g? sin? u)’ T? 


, 
where the second term, taken between the limits u= 0, u= 2r, is —0; and " being 
an algebraic function of sin u, cosu, the potential is expressed in the form in question. 


5. But we may, by means of a transformation upon (that made use of in 
Gauss Memoir* on the attraction of an elliptic ring), transform the expression so as 


* [Ges. Werke, t. 11., pp. 333—355; in particular, l.c., p. 338]. 
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to obtain the integral in regard to m under a much more simple form. We, in fact, 
assume 

a+ a cos T +a’ sin T 

y +y cos T + y" sin T’ 

B -- B' cos T -- 8" sin T 

y +y cos T' +y” sin T" 


cos U = 


sin u = 


where the nine coefficients are such that identically 
(a+a’cos7'+ a" sin T? -- (8 +’ cos T+ B" sin T! — (y+ y cos T+ y" sin T? = cos T - sin? T —1, 
(this of course renders the two equations consistent); and also that 


1 


(a — mf cos uy + (b — mg sin kilo nmm omma mu 


(G+ G' cos? T+ G” sin? T). 
This last condition gives, for the determination of the coefficients G, G'", G^, the identity 
O- G)(0-- 8 (0-- G^) -(0-- mf) 0m 0155 rg Ih 
e mI) OO me fet O+ might OS? 
or, what is the same thing, G, — G', — G" are the roots of the equation 


a b e 


d+mp*o+mye* 9 | 


This equation has one positive root, which may be taken to be G, and two negative 
roots, which will then be —G’, — G"; viz. G, G', G" are thus all positive; and G 
denotes the positive root of the last-mentioned equation. 

6. We have 


dT 


igi (G+ G' cos T + G” sin TYP’ 


and thence 
dT 


Vn | he dm | (G+ @ cos T+ G^ sin T) ' 
the integral in regard to 7' being taken from 0 to 27; or, what is the same thing, 
we may multiply by 4 and take the integral only from 0 to 3 viz. we thus have 


ir dT 
Va sjy | mam f (G+ G ' cos? T+ G" sin? Ty? 


where the integral in regard to 7' can be at once reduced to the standard form of 
an elliptic function, or it might be calculated by Gauss’ method of the arithmetico- 
geometrical mean. 


7. But, for the present purpose, a further reduction is required. Writing 


t= G+ (G 4- G^) cot? T, 
36—2 
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we have 
^ cos? T 
TET nick 
t+ C -—(G-G)-—-— m 
t+G’=(G+ 4 co? T --G sin’ T) ryp: 
whence 
Vt— G .t4- G' .t+ G" - (G -- G) (G + G' cog T+ G" sin Tis, 
moreover 
dt- - 2 (04-9) 957 aT. 
Hence 
dt -r 


-atra tG (0+0 co? T+ Th 


and, observing that to the limits 0, a of T correspond the limits o», G of t, we 


thence obtain 
dt 
p ene P PEG. EEG 


or, what is the same thing, 


dt 


, 


Va ine — 


a? b 
2#2 2092 m iat — se — 
(Ce méf?) (t+ meg (1 Pon En 4 
where G denotes, as before, the positive root of the equation 


a? p Ne pied 
0+ mef t 6+ mg? i a ta 


8. Writing for t, mt, and for G, mG, the formula becomes — 
N^ t+/?. t+ (m— EE ma) 
P| t+f? Ig t 
where G now denotes the positive root of the equation 


b? 


a? e 
+f Org ta 0. 
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Thus G is a function of m; but it is to be remarked that the integration in respect 
to m can be performed through the integral sign f. dt in precisely the same way as 


if G were constant, and that we, in fact, have 


V - 9f [a crie e T... X ERE 
eia y Pl t+ UR t Mitto’ 


where the function of m is to be taken between the limits O and 1. The reason is that, 
differentiating this last integral in respect to m, the term depending on the variation 
of the limit G is 


S TUDIN NIE NC: p gc 1 dG 
SEA G+9 GVG.G+f.G+g dm’ 


which is =0 in virtue of the equation which defines G; hence the whole result is 
the term arising from the variation of m in so far as it appears explicitly. 


9. Proceeding next to take the function of m between the two limits: for m=0 
we have G=o, and the integral vanishes; for m=1 we have G the positive root 
of the equation 

a b? c 
G+ ft org tot 
or, using Ó to denote the positive root of this equation, the value is G— 0; we thus 
finally obtain 


plow 1 
y-2 [au te Ev NT, 
J9 t+f? UP t Vtt+frtty 


as the expression for the potential of the ellipse semiaxes (f, g) on the point («, b, c). 


Case where the Attracted Point is on the Focal Hyperbola. 
10, The result becomes very simple when the au jn is in the focal 


hyperbola of the ellipse, viz when we have b=0 and Fop XA 4 =1. The function 
a? bp 


—.-— , ————— — is here 
rA DER t 


E adio vh qn 
Je- gp g f^-t i 


Cu QA d ing 
Etg) la +AA- A 


of 
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e 2 
Hence also 0 = e. introducing this value, the function in question becomes 


(tr g?) (t— 0) 


t(t+f*) C 
and we have 
" NET g.t—Ó 1 
V=2 di ————— —— ———————————— QÓ 
|, Vt.t+f? Wt.to-fitu-g 


* dt Wt—6 
= |, ATi 
which, writing t = 2+ 0, becomes 
a? da 
d van e+ 0.0°+04+ f? 


_ Afg (^ ( 6+f? 9) 


nr r^ "ETET a + 

_ 49 Ast f? uus erst pu ^ 
- (VOZ tan VETA /0 tan 79), 
=2r4 (V0 +f3— — 40); 

ef 


or, substituting for @ its value Y? this is 


V —2« (We + g* — c), 


which is, in fact, the potential of the circle a4?--3'— g? on the axial point (0, 0, c); 
and, observing that the value is independent of f, we have at once the theorem that, 
considering f as paro E taking the attracted point at the constant altitude c in 


the focal hyperbola =1, the potential is the same, whatever is the value 


P sr p 
of the semi-axis major f ^ the ellipse. 

11. A point in the focal hyperbola determines, with the ellipse, a right circular 
cone having for its axis the tangent to the hyperbola; viz. the tangent in question 
is equally inclined to the two lines joining the point with the foci of the hyperbola, 
or with the extremities of the major axis of the ellipse. Taking @ for the inclination of 
the tangent to either of these lines, viz. @ is the semi-aperture of the cone, and y 
for the inclination of the tangent to the axis of z, then it is easy to show that 


COS y 


Mei + $—(—————É— 
d V cos? y — sin? 0” 


and we thence have 


Yat E T SNE 
T Vecos? y — sin? Ó 
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viz. the ellipse is here considered as the section of a right cone of semi-aperture 6, 
the perpendieular distance from the vertex being - c, and the inclination of this 
distance to the axis of the cone being =y; and this being so, the potential is then 


expressed by the last preceding equation. It will be observed that, when Y75 — 0, the 


section becomes a parabola, and the potential is infinite; for any larger value of w, 
the section is a hyperbola, and the formula ceases to be applicable. 


12. I originally obtained the result by thus considering the ellipse as the section 
of a right cone. Consider for a moment, in the case of any cone whatever, the plate 
included between the plane, perpendicular distance from the vertex =c, and the con- 
secutive parallel plane, distance — c-- dc. Let dX denote an element of the first plane, 
r its distance from the vertex, and r--dr the distance produced to meet the second 
plane; also let dw denote the subtended solid angle. We have dXEdc-?drdo, or, 
since Dam we obtain dX =} do, or -dX-i r?dw; wherefore the potential of the 


plane section is y=} | rdw, where r denotes the value at a point of the plane 
section, and the integration extends over the spherical aperture of the cone. 


13. Let the position of r be determined by means of its inclination 0 to the 
axis of the cone, and the azimuth $ of the plane through r and the axis of the cone; 
viz. taking the axis of the cone for the axis of z, suppose, as usual, æ =r sin Ó cos ġ, 
y=rsin@sing, z-rcos0. We have then, as usual dw=sinOd@dp; and if the 
equation of the plane be wcosa+ycosB+zcosy=c, then the value of r is obtained 


from the equation 
r ((cos a cos $ + cos £ sin $) sin 6 + cos y cos 6} = c ; 


so that we have for the potential 
fa ef | sin 0 dé dp 
ie 


(cos a cos $ + cos £ sin $) sin Ó + cos y cos 0)?" 


where the integration is extended over the whole spherical aperture of the cone; viz. 
in the case of a right cone of semi-aperture 0, the limits are from 0 —0 to 0— 60 and 
from ¢=0 to d= 2r. 


14. Write 
(cos a cos d + cos £ sin $) sin 8 + cos y cos 0 = M cos (0 — N), 


where M, N are given functions of $; then we have 


| [d sin 0 dé 
m js cos? (0 — N) 


and the @-integral is 
[sin (0 — N) cos N + cos (0 — N) sin sin N]d0 
cos? (0 — N) 


— cos N sec (0 — N) + sin N log tan (17 4- 1 (0 — N), 
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which between the limits is 
= cos JV (sec (0 — N) — sec N} + sin N {log tan [17 + 4 (0 —V)] — log tan (42 — 4N), 
0 now denoting the semi-aperture of the right cone. And we have 


V= ofa feos N Gara NI ds y) + sin A [log tan {4m + 3(0 — .N)] — log tan (17 -unj. 


We may without loss of generality write cos8=0, and therefore cosa — sin y, where y 
now is the inclination of the perpendicular on the plane to the axis of the cone. We 


thus have 
cos y cos 0 + sin y cos $ sin 0 = M cos (0 — N), 


that is, 
cos y = M cos N, 
sin y cos¢ = M sin N; 
whence 
tan N = tan y cos ó. or N = tan^ (tan y cos $), 
M? = cos? y + sin? y cos? ¢ = 1 — sin? y sin? ¢, 
and 


cos V 1 
cos (NV — 0) cos Ó 4- sin 0 tan y cos $ ` 


15. We have, therefore, 


d i 
Veste (os 6+sin Otanycosd - 1) 


+c EAA (log tan [Iz + 40 — 4 tan™ (tan y cos $)] 
— log tan [1v — 3 tan™ (tan y cos ¢)]}. 
But 
Í do cos $ b sin $ 
(1 — sin? y sin? pt (1 — ^in? sin? "m 


hence the second line is 


c Sin y eds (log tan [fa + 30 — 4 tan? (tan y cos $)] 
— log tan [1v — 4 tan (tan y cos $)]j 


— c sin v[ 06 asy in (log tan [17 + 30 — 4 tan (tan y cos $)] 


— sin? y sin? $) d 
— log tan [1v — 3 tan™ (tan y cos $)]]. 


But, i for a moment N in place of tan^ (tan y cos $), we have 


dN 1 Sin y cos y sin ġ 1 
M ig og ten ir PIEDRA dé cos(N—8) 1-simysim$ cos(N —0)' 
EXE a _sinycosysing 1 
dd "m a Ge ~ d$ cos N ~ 1—sin?y sin? ¢ cos N^ 
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And th in place of trt AE writin 
um» cos(.N — 0) cos N’ 8 
1 ) 


1 
cos y V1 — sin? y sin? p fx 0 tan y cos $ 


the expression in question becomes 
{log tan [far + 30 — 3 tan^ (tan y cos $)] 


sin $ 
— log tan [37 — $ tan“ (tan y cos $)]} 


0 8I Y (1 — sin? y sin? $)i 


-cja sin? y sin? h (<9 l 1) 
$I- sin*q sin! $ cos 0 + sin Ótanycosó —/' 


And we have 
csin y sin 
“a= as y (log tan [37 + $0 — $ tan™ (tan y cos $)] 
o / 1 
— log tan [17 — 4 tan (tan y cos $)]) + c [a8 TEATE. - 1) : 


16. The integral is here 
cos y (cos 0 cos y — sin Ó sin y cos $) -1} 


js | a | cos? 0 cos? y — sin? @ sin? y cos? p 
do 

= cos? ICA BOS. CEPR DN 

dice ioc | cos? 0 cos? y — sin? 8 sin? y cos? $ 

"Y cos hdd . | 
— cos y sin y sin 6 : - 
NU TOT Pree rer OPPTI | $ 

cos 0 cos y tan > 
Mcos? y — sin? Ó 
sin Ósin y sin ó _ 
V cos? y — sin? 0 


ti COS y 
pho puer 

z COS y 

^/cos? y — sin? Ó 


as may be immediately verified. 


Hence 
V= osin ysing _ $ {log tan [17 +40 — 4 tan™ (tan y cos $)] 
V1 — sin? y sin? ó 
— log tan [17 — 4 tan“ (tan y cos ¢)]} 


€ COS y tani £99 I4 cos a tan $ 


V cos? 0 — sin? y 
€ cos y sin Ó sin y sin $ 
—————'——— tan E EL 
A cos? 0 — sin? y V cos? @ — sin? y 
— cd, 
which is to be taken between the limits 0 and 2v; or, what is the same thing, the 
integral may be taken between the limits 0, 7, and multiplied by 2. But as $ passes 
97 


C. IX. 
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from 0 to r, the are of the form tan~(A tan $) passes through the values 0, Z 9 -3 RO; 


but the other are of the form tan~ (B sin) through the values 0, Z "E > , 0; the first 


are gives therefore a term 7, the second arc a term 0, and the final result is 


V= 2er MM Y = 1E 1) , 
V cos? yy — sin? 0 


which is right. 


The Potential of the Circle. 


17. In the case of the circle we have g=f; the terms containing a’, b unite 
throughout into a single term containing a*+06*, and there is obviously no loss of 
generality in assuming b=0, and so reducing this to a?; viz. we take the axis of æ 
to pass through the projection of the attracted point, the coordinates of this point 
being therefore (a, 0, c). We in fact consider the potential 


Vm | da dy 
V(a — ey 4 - gy y! 


over the circle 2? + y? — f°; or, writing æ = mf cos $, y = mf'sin $, we have dady = f*mdmd9, 
and therefore 


r.a m dm d$ 
P [rerum 2maf cos $' 


the integral being taken from m=0 to m —1, and ¢=0 to $ —2r. 
Writing in the general formula g —f and b —0, we have 


T A. 
ttn) ani 


yesp| í 
4 o (t+f2) Vt 
where @ denotes the positive root of the equation 
a e 
rg gts 


or, observing that 
1 1 ata 


ipo foe bsp rap) 04 
baba at IE A 
"inen Y -9)*$ tf) 


(— 6) ( " va 
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ies DA 


Jo t(tEfVERfS C 


we have also 


18. The present particular case gives rise to some interesting investigations. We 
may, in the first place, complete the process of first integrating directly in regard to m. 


Writing 
V=f [mf Q COS $) + a cos $] dm dd 
! {(mf — a cos $} + a sin $ +}! 


the integral in regard to is 


=; [V(mf — a cos p} + a? sin* $ + è + a cos $ log [mf — a cos $4 V(mf — a cos $+ a? sin? $--c!l) 


to be taken from m=0 to m —1; and we thus obtain 


v- [ae Ve tetp 3afes $ - Vai o 

+a cos [log (f — a cos + Va? + c+ f* — Saf'cos $) — log (— a cos $ + Va? + c)]]. 
Writing for shortness Va? + c! +f? — Daf cos $= A, the second line of this is 
a sin $ [log (.f— a cos $ + A) — log (— a cos $ -- Va? + c?)] 


= dg a sing { S+A fon T PEN 
à A (f —a cos $ +A) — a cos $ ^- Va? 4- ct : 


and we thus have 
Vonatin à flog (/— nodia log (— a cos $ + Va? + c*)} 


+f fa -varo veme( ea) 200 me 
A(f—acos ¢ +A) apy dr re 
19. We have 
fta | 

A faa cs $a = Ft ANS — a 00s $ - A) 

A(f— a cos $ +A) A {(f—acos p} — A*} ’ 
the numerator of which is f "7 4 a cos o ( f+) 
PERT OOD F— LT SET af don $+ at cont d. 
pets Pe E oh thi uy 


id the denominator is — — A (c 
ee: See ee (C+ a? sin: $). The second line of V is thus 
— —- asin? ? si ——- 
= [de [acaso SEE Pii hose f—aeosg—A Gon be Hanse) 
c+ a? sin? $ C + a? sin? p à 
37 —2 
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which is easily reduced to 


fap [5E c’a cos $ (f — a cos $) te 


— —M———— — 


(8 -- a? sin? ) A e + a? sin? of’ 


Na? + c ieme, 


the last term of which is =—c tan ; and we thus have 


Wa? 4- c tan $ 


V = a sin $ (log (f — a cos $ + A) — log ( — a cos $ 4- Va? + c?)) — c tan : 


CES . Ca cos $ (f — a cos $) 
+ [ae | (c + a? sin? $) A | 


between the limits 0, 27; or, finally, 
en x MERE 
i bor 2|. np E kt (e +a sin? ġ)A f’ 


in partial verification whereof observe that for a=0 we have A=Vc?+/f%, and the 
value becomes 


V = 2m (Ve? +f? — o), 
which, writing therein g in place of f, agrees with a foregoing result. 


20. The process applied to finding the Potential of the Ellipse is really applicable 
step by step to the Circle; but if we begin by assuming g —/, it presents itself 
under a different and simplified form. Starting from 


LI do 
=f? d ———— , 
f IE "| TWACEGAG 


for convenience we assume 


P+ P=a +c + mf? 
PQ = mof, 
thereby converting the radical into VP?+Q?—2PQcos¢. Writing also 
Q =a + c+ mi ft + 2098 + Wie f£? — Wa? f?, = (Pr — QY, 
and hence assuming P?— Q*— VQ, and combining with the foregoing equation 


P+ Q=C Roma 


we have 
P? — 4 (a mft NO), 


V=} (+e + mf2?—VO). 


21. This being so, the transformation-equations to the new variable T are 


|. Pcos T -Q . Peos $ — Q 

oe Sat whence cos TUS 
V/O sin T 4 VO sin $ 

sin} = P 4- Q cos T? uu kd mr ct 
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and also 
NO =(P+Qcos 7)(P—Qeos¢), =P- Qe 


We find moreover 


_ YOdaT Vado 
d$ pr Qo T anne P — Q cos’ 
and 
_ V0 (P — Qcos T) 
ere ee Ove Teoma > 
whence 
d$ e dT 
VP Qr —2PQcoó VP- Q cos? T 
and hence 


dT 
V= jj d | x——À , 
i jai VP? — Q? cos? T 
where the limits of T are from 0 to 27, or, what is the same thing, we may multiply 


by 4, and take them to be 0, $r. 


22. Assuming next 


t= P — mf? + (Pe — O) cot? T, 


we have 
t P4 mf? =(P- QT, 
t- Qe mif? = (P Q) =o 
TT = (P? — Q cos T) =m, 
and thence 


Vt— P4 mif?.t—@ + mft f = (P Q) SENE Feo — Q cos? T. 


also 
cos Dd 


d=- 2 (P-Q) 75, 


and consequently 
dt he — 2dT 


Vt- Pe +f t- Q+ mfi.t+ mf? WP EosT 
T=0 gives t=%, and 7=}7 gives t= P? — mf’, =G suppose; and we thus have 
y - 9f: | mdm f EM E a e 
evt- P4 mif*. t— E+ m?f?.t+ mf? 
23. We have 
| (t — P? -- mf?) (t — Q* + mf?) — C (mf? —a? — )t — mee f?, 
or, putting mt in the place of £, this is 
=m m? --(mf*—a-—co)t-eofs, 
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or, what is the same thing, 
= mt (t +f?) Ane ae 
= m | t+f? t , 
whence, completing the substitution, we have 


V-3f* [mn | Olea CRM 
[] 


Wn. E 
Tigo ONES. 
sy t+f? t 


1 1 


where the inferior limit 0, =—,G, =—,P?—/? is, in fact, the positive root of the 
m qn 
equation 
a? e 
40 o uM 
m "ESON, 0. 


24. We may hence integrate in regard to m, through the sign | a in the same 


way as if 0 were constant; viz. we have 


% 2 2 dt 
V =2f? I ES IE. Xa 
f | 8 tfe t Vt (t+ f?) 
where the function of m is to be taken between the limits 0, 1: for m=0, we have 
0=%, and the function vanishes; hence, writing m= 1, we obtain 
pe 
" 2 ce dt 

y - 9f: Í 1-a, 
f V t+f? 0t Wt(te f?) 


where 0 now denotes the positive root of 


25. But it is interesting to reverse the transformation, so as to bring the radical 
back into its original form. For this purpose, taking now 


PoRQU- vy 
PQ af, 
P=} (a+ etf’ +O), 
Q?—3 (at - e f? — V0), 


and consequently 


where 
Q = at + c* 4- ft + 2à?c + 2f? — 2a?f*, 
and writing 
t= P- f? -(P* — Q» cot? T, 
we first obtain 
Q cos? Td T 


2T 
vas (P? — Œ cos? T — f? sin? T) (Pe — Q cos? T) 
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and then, writing 


| P cos $— Q 
velar epp 
PAD es VO sin $ 
sin ree por 


we bring in the variable $. But it is important to remark that this is not the 
quantity which was, at the beginning of the investigation, represented by this letter, 
and that it is not easy to see the connexion between the two quantities $. We find 


y-f F (P — Q cos p} (P cos $ — QF do l 
(a? + c + f? cos? ġ — 2af cos p) (a? + c + f? — 2af cos p)? 
26. To reduce this, write as before 
B e ET f — Zaf cos d, 
P=a Fc — 2af cos + f? cos? o, 
so that the denominator in the integral is = BA’, 
We have 
(P — Q cos p} (P cos $ — Q) = (A? — Q sin? $) (A? — P? sin? $), 
= At — (a* + e + f?) Asin? $ + af’ sin* $, 
= A’ (A? — (e? + f?) sin? ] — a? sin? $ (A? — f? sin? $)), 
= A? (A* — (c? + f?) sin p} — a? sin? 6 . ®, 


-[JIN -@+/%)sin’ g]dp X, (sin pd 
y. [EPs aa [ES 


and also 


and hence 


the limits being always 0, 27. But we have identically 
d sing _ cosh afsin®d 


dp A ioo d 
and thence 
| sin? $ dd 1 (me d\ 1 fceosd dé 
Bent aT ju af A 


where the term ($) is to be taken between the limits, but for the present I retain 


it as it stands. Moreover, A*— e + f*sin*$, and consequently 
A — (c -- f?) sin? $ = È — c? sin? $, 
and we thus obtain the result 


ya af (AP) - af [SEP p [20 .— ap [See 


where the denominators under the integral signs are 


A, = Va? +e -- f* — 2af cos, and PA, = (a? + è — 2af cos $ + f? cos? $) A. 
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27. We may, by a transformation such as that for the change of parameter in an 
elliptic integral of the third kind, make the denominators to be A and (c +a sin? $) A; 
viz. for this purpose we assume A = tan™ E , where B and A are functions of $ 


such that we have identically A*+ B*A*— (° + a? sin? $) (à? + c? — 2af cos $ +f? cos? $) ; 
the values of B, A are found to be ccos@ and sin¢(a*+c*—afcos¢), whence, 
dividing each of these for greater convenience by sin, we have 


payne c cot ġ A ) 
a ies leta ie i 


so that, writing now B, A —ccot $ and a*+c*—afcos ¢ respectively, the value is 


_ (BA 
A = tan iz 
where 
"Me! 
41 Baro ce T; 


and, as before, P = a? -- c* — 2af cos ġ + f° cos? $, and also II =c*+a*sin?¢. We have 


dA (AB'— A'B) A? - 1JAB(A?y ( _dA 
dp — (A? + BA’) A : 


and then 
d d ND en —— EM 
AB' — A B xe a? — c + af cos? $), 


44B (A?) = Une (a? 4- c? — af cos $) af sin ¢, 


and the numerator thus is 


c 
sin? $ 


((— à? — è + af cos p) (a° + +f? — 2af cos $) 
+ af cos $ (1 — cos? $) (à? + è — af cos ¢)}, 


which is in fact 


if Tm $ {— (& -- a? sin? $) (à? + c +f? — 2af cos $) 
af ona se a ood di (ote di ERE a a 
[o 


ain’ {— IIA? + (af cos $ — a? cos? $) D} ; 
or, what is the same thing, 


Her 
~ sin? ó 


{— Id — IIf? sin? $ + (af cos ġ — a? cos? $) j, 


and the denominator, by what precedes, is 


1 
= in? d IPA. 
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We thus have 
1dA 1 f'sin'$ | af cos $ — a^ cos $ 


cdp A A TA , 


whence, by integration, 


1 c cot ġ A _ [dọ , ((afcos $ — a? co? $)d , [sin gd 
--[2«) TIA P_ (=. 


— A — SS 
c " Doris em 
which is the required formula of transformation. 


28. Multiplying by c and subtracting from the value of V, we find 


« [€ +f?—afcos)dp _ ca [55$ (f — a cos $) dd 
A (?+a?sin?d)A ' 
which is to be taken between the limits 0 and 27; viz. we thus have 
V =— 20m 4 2 [EFL = af 008 8) OP _ gu, [208 CE a 008 $) dé 
(?+a*sin?d)A "' 
agreeing with a former result. 


29. But this former result, previous to the final step of taking the integrals 
between the limits, was 

f—acos$ +A tiran br 
— a. cos p - Vat - e 


V [(C f£ —afeosd)db — , [cos 6 (f—acos $) dd, 
+] A oa | (c?+a?sin?d) A ’ 


V = 2a sin ¢ log ( tn p es tan d 


viz. the integrals are the same, but the integrated terms are altogether different; 
the explanation of course is that the ¢’s are different in the two formule, which there- 
fore do not correspond element by element but only in their ultimate value between 
the limits. 


30. In order to discuss numerically the Potential of the Circle, 


a/ (t7 0.6 °F") at 
=f, EHINI E = 
this must be reduced to elliptic functions. Writing t=@+.2*, we have 


a? Na? 4 f? da 


V = 4f? | ——————À; 
? (a? 0) (a +a")! 
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if for shortness 


0-f* =a? 
oy 
0+ 4 -B. 


The constants a, 8, @ may be considered as replacing the original constants 5, c, f; 
viz. from the last two equations and the equation 


a? c 
ET a 
we deduce 
a? = a a? (a? — B^) P C= 0 ane ae J= de ae 
Ted. — a 


showing that a, £, 0 are in order of decreasing magnitude; viz œ- 8, 8'—60, «-—6 
are all positive. The formula may be written 


a? (a? + 8?) da 


ire e- 0], Grece er REP 


which, in virtue of the identity 
(a? — 0) a* (a? + B?) = (a? — 0) (a? + 0) (a? + a?) — a? (a? — 8") (a? + 0) — 0 (B — 0) (a? + œ), 


becomes 


2 Wiley. CANI 
F= (a -ef Wah + ai, a + Be 
da 
-e-e CES AFIIETY., 


da 
n = 0 ———————— 9 
dad Ja (a? + 0) Va? -- o? a? + B? 
31. Writing here z-acotu, and therefore da=—acosec?udu, to the values 
& — o», 0 correspond u= 0, 4r, and we have 
0 (B? — 0) sin? wu | 


uiri inel) 5x 19 2 D = a? — sin? u eMe ned E Secon tue 
dr | Ve? cos? u + 6? sin? u m. ( P) ~ @ cos? w+ Ó sin? u 
«6 (8' — 0) 1 


^ q—Ó0 a@cos?ut Osin?u| 


= P OT 2 — (a? — 8?) sin? u 
0 cp 


Writing &?21— ge we have 


a? 
PGR Pda aw Ic ARE 
and thence 
n 0g-—8 
P 2 rix ue 1 
Mal. c e a (1 — k? sin? u) — aa = ; 
o V1—k sin? u - 1-4 1- (1-5) siv*u 
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viz. writing n=— na (so that n is negative and in absolute magnitude <1), and 


moreover 9?-— «k^? and 0=(n+1) a’, this is 
: k? n+l.n+ k 1 
* 2 x OE CEE ba UE RP NUT ETC NIS OH 
xU N TE «(e RN Su ORCI " a m 


viz. this is 


n--1 n+1.n+h 
n 


=afpk+ ptt py- T, (n, Ib]. 


32. This may be further reduced by substituting for the complete function 
II, (n, k), its value; viz. writing 


=(-1 tz)-- 1 + K^ sin? X, 
a 
that is, sina = 5 then, writing the value first in the form 


a {Bk —(n +1) ytd ts 


[11 (4) - A] 
and observing that 


n+1l.n+k L^ sin? X cos? X 


[I (n, k) - Fk] = >a (Lh (n, E) - Fk] 


n 
= E peaux Ur + (De EA) PW) — Ple. EA), 
we have | 
WV =a [Ek — sint Fk — T EE e Dg 4 (Ak — Ek) F (K, X) — Fik. E (K, yl. 
where 
g 6-9 p -$) 
Qr, Pel- =1- 7yr adie 2) 


or, what is the same thing, 


ell a 
33. Thus when in particular a=0, we have 0 —c*, and thence 
CENT 5 Den e E 
a= Nc 4 f?, £20, =I, gyre a 


38—2 
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whence 
4V 254-7 Ve T f? (1 — sin? X — sin X (1 — sin X)J, 


=trve+f?(1—sind) = $7 (Vct 4- f? — c), 
or 
V 22m (Wc + f*-— c), 

which is right. 

34. If c2 0, a being >f, then 0—a? — f*, bat, X=47, a=a; so that, retaining 
k as standing for its value f , we have 

iV-2a(Ek-—k*Fk), or V= 4a (Ek — k” Fh), 

which may easily be verified. 

If c=0, a being <f, then, recurring to the original equation for the determination 


of 6, viz. (Py, 1) =0, which for c=0 becomes 6(0+/)(@—a'+/%)=0, 
we have (as the positive root of this equation) 0—0; whence a=/; also, observing 


that 1 -$= n kat, and sin?\= * (where S is finite), — 0, and retaining & 


lo 04 5 


to denote its value — H we obtain 1V «f£ Ek, or V — 4f Ejk. 
If & —f, then in each of the formule k=1; and since in the first formula 


k° Fk, k nearly =1, is =k? log 5» vanishing for k=1 or k’=0, we have V= 4fE,l, — 4f. 


Section of Equipotential 
surfaces of a Circle. 


F ir 2 


It would be interesting to consider the value of the potential at different points 

a? : 
f? +0 
writing a=Vf?+0cosg, c=VOsing, we should have a=Vf?+6 (a constant), and 


p 1 £89 "RELEFAECE 


2 
of the ellipse t d =1 (0 constant, a, c current coordinates) For this purpose 


FUE! "T 
SEDET MO NEU arua ow d ME 


VO 4- f? sin? q* tr «40 4 f? sin! q' 
and then V through k, k’, X, is a given function of q. 
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35. Suppose, to fix the ideas, f=1, and consider the points (0, c) and (a, 0), which 


have equal potentials. . First, if a >f (that is, a>1), then writing kei, the relation is 


2r (Vitec) e$ (Eyk— IAE); 
and we have 


F, 30° =1°68575, ŒE, 30° = 146746, 1 1:27324. 


Secondly, if a < f (that is, a<1), then writing k =a, the relation is 
27 (V1--c —c)- 4E,k. 
(1) In particular a=}, =sin 30^, this is 


V1+e@-—c= 2 gv = :93421. 
(2) a 21, then 

Vi+e-—c= E = 63662. 
(8) a=2, k=}, =sin 30°, 

Vi+e—c= 4 (E, (30°) — 8F,(30°)} = -25866. 


But if V14-c —c—m, then c=4(——m); whence 


a C 

0| -0 

j | 06810 
1 | 46709 
2 | 1:80376 


for the values of c, corresponding to the foregoing values of a. 
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